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Roadmap: a probabilistic proof of the finite model property

Goal: if φ ∈ GF is satisfiable, then φ has a finite model.

Two classical routes, both technically heavy:
• Grädel (1999): via Herwig’s extension theorem; triply exponential.
• Bárány–Gottlob–Otto (2014): finite guarded covers; optimal, but involved.
• The second route is streamlined for GF in Pratt-Hartmann’s textbook.

Our route (Fiuk, STACS 2026): build a finite structure at random.
• Read the finite catalogue of local types off one model A |= φ.
• Paste those types onto n elements at random, skipping every clash.
• Guardedness hides the skipped tuples; a union bound supplies the witnesses.

Once the right local invariant is found, the proof is almost laughably easy.

Plan: the probabilistic method and a warm-up from graph theory, then the guarded construction.
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The probabilistic method, in one line

To show an object exists, build one at random and prove it is good with positive probability.

1. Sample. Put a probability distribution on a finite space of candidates.
2. Name the enemy. The bad events E1, . . . ,EN that spoil the property.
3. Local estimate. Bound Pr[Ei ] for one fixed i .
4. Union bound. Pr[⋃

i Ei ] ≤ ∑
i Pr[Ei ] < 1, so some outcome avoids them all.

all outcomes

good ones
Pr[ good ] > 0 says only this:

the green region is not empty.

Two inequalities do almost all of the work: the union bound, and 1 − x ≤ e−x .

No object is ever exhibited: a nonempty event certifies a nonempty set.
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Reminder: the diagonal Ramsey number R(n, n)

Ramsey (1930). For every n there is an N such that every red/blue colouring of the edges of KN

contains a monochromatic Kn. The least such N is the Ramsey number R(n, n).

red = the 5-cycle, blue = the pentagram:
neither of them contains a triangle

R(3, 3) > 5

on six vertices a monochromatic triangle
(here the bold blue one) is unavoidable

R(3, 3) = 6

Upper bounds come from pigeonhole; a lower bound needs a colouring of KN with no monochromatic Kn.

Nobody knows how to write such a colouring down. Erdős: do not write one down.
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Warm-up: a random colouring beats Ramsey

Theorem (Erdős 1947). R(n, n) > 2n/2 for every n ≥ 3.

Proof. Put N = ⌊2n/2⌋ and colour the edges of KN at random.

1. Sample. Colour every edge of KN red or blue independently, each with probability 1
2.

2. Name the enemy. For an n-set S of vertices: ES = “S spans a monochromatic Kn”.
3. Local estimate. The

(n
2

)
edges inside S are independent: Pr[ES ] = 2 · 2−(n

2).
4. Union bound. There are

(N
n

)
candidate sets S , and now we just count:N

n

 ≤ N n

n! ≤ 2 n2/2

n! because N ≤ 2n/2,

2 1−(n
2) = 2 1−n2

2 +n
2 because

(n
2

)
= n2−n

2 ,

hence Pr
[⋃

S
ES

]
≤ 2 n2/2

n! · 2 1−n2
2 +n

2 = 2 1+n/2

n! < 1 for every n ≥ 3.

So some colouring of KN has no monochromatic Kn: R(n, n) > N = ⌊2n/2⌋.
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Now to the Guarded Fragment

Same four steps, new object. From here on we sample a finite structure B,

and good no longer means “no monochromatic Kn” but B |= φ for a given φ ∈ GF.

A linear-size reduction puts φ into a normal form with three kinds of guarded clause.

∃x̄
(
α ∧ ψ

)
︸ ︷︷ ︸

seed

∀x̄
(
α → ψ

)
︸ ︷︷ ︸

check

∀x̄
(
α → ∃ȳ (β ∧ ψ)

)
︸ ︷︷ ︸

extend

Seed and check are local tests on tuples that are already present.
Only extend asks for new elements – and a finite domain can run out of them.

A |= ∀x
(
Px → ∃y (Rxy ∧ Py)

)

a0 a1 a2 a3 a4 · · ·

every P-element passes the obligation on to a fresh one

a finite cut of A

b0 b1 b2

the last retained element has nobody left to point to

Witnesses must be recycled from inside the domain, not appended to its end.
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First try: Gurevich–Shelah, when every arity is ≤ 2

Say φ = ∀x1x2 ∃y ψ over unary and binary symbols; fix any model A |= φ, and let B have n elements.

1. Sample. Give each element a 1-type of A, and each pair a random 2-type of A.
2. Name the enemy. Eb1b2: “the pair b1b2 never gets the witness A promises it”.
3. Local estimate. Every element outside {b1, b2} is an independent attempt at that witness.
4. Union bound. Pr[Eb1b2] ≤ (1 − δ) n−2 ≤ e−δ(n−2), and there are only n2 pairs.

the probability of success

Where does δ come from?

b1

b2

b′
2-type

2-type 1-type

Let τ be the 3-type of āb3 in A, where ā matches b1b2 and b3 is its witness.

A fresh b′ works as soon as three independent draws agree with τ :
the 1-type of b′, and the 2-types of (b1, b′) and of (b2, b′). Hence

Pr[ b′ works ] ≥ 1
|τA1 |

· 1
|τA2 |2

=: δ > 0, a constant depending only on φ.

Pr[B ̸|= φ] ≤ n2e−δ(n−2) → 0: the Ramsey proof, with “monochromatic” ⇝ “witnessless”.
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the probability of success

Where does δ come from?

b1

b2

b′
2-type

2-type 1-type

Let τ be the 3-type of āb3 in A, where ā matches b1b2 and b3 is its witness.

A fresh b′ works as soon as three independent draws agree with τ :
the 1-type of b′, and the 2-types of (b1, b′) and of (b2, b′). Hence
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|τA1 |

· 1
|τA2 |2

=: δ > 0, a constant depending only on φ.

Pr[B ̸|= φ] ≤ n2e−δ(n−2) → 0: the Ramsey proof, with “monochromatic” ⇝ “witnessless”.
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Second try: at arity 3 the method jams

A concrete A. A binary E whose graph is triangle-free, plus a ternary R .

We assign 1-types, then 2-types, and then we look at a triple b1b2b3.

draw τ1

b1

b2

b3

realised in A

draw τ2

b1

b2

b3

realised in A

draw τ3

b1

b2

b3

realised in A

together

b1

b2

b3

a triangle: never in A

Every single draw was legal; only the combination is not.
And the pair b1b2 is shared by every triple through it, so there is no local repair.

And plain first-order logic notices: A |= ∀x1x2x3 ¬
(
Ex1x2 ∧ Ex2x3 ∧ Ex1x3

)
, while B ̸|= it.

But that sentence is not guarded: no single atom covers x1, x2, x3.
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Guardedness pays the bill

A guarded sentence can only quantify over a tuple that some positive atom covers in full.

R(b1, b2, b3)

a ternary atom is installed

guarded: φ may quantify
over this triple

no such atom

the sampler installed nothing

unguarded: no guarded quantifier
can ever reach it

vs.

Repaired sampler. Take the tuples in non-decreasing size; at each tuple b̄:

1. draw a k-type τ uniformly from T ∗
k , independently of all other tuples;

2. install τ if it agrees with what is fixed on the proper subtuples of b̄;
3. otherwise skip b̄, leaving no atom that covers all of it.

Conflicts are never prevented – they are made invisible, which is all GF needs.
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Two properties, and the sentence comes back

A |= φ

possibly infinite

read off
its local types T ∗

finite, closed under subtuples

sample
onto [n] Bn

only types from T ∗

(i) Every guarded tuple of B looks like a tuple of A.
A tuple becomes guarded only once its drawn type was installed – so (i) holds in every outcome.

(ii) Every one-element extension realised in A is realised in B.
This is the only place where randomness is needed, and the only place that can fail.

(i) + (ii) =⇒ B |= φ

Why: a guarded b̄ copies some ā of A; the witness A gives ā has its type in T ∗; now use (ii).
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Adding one element

Notation. w is the width (largest arity), so a guarded tuple has at most w entries; b̄ is a guarded tuple of size k < w ,

with type τ1; the obligation is a τ2 ∈ T ∗
k+1 extending τ1; a candidate b′ is one of the n − k elements outside b̄.

The type of (b̄, b′) is never fixed in one go: it is assembled from the boundaries installed on every subtuple.

• Subtuples avoiding b′ lie inside b̄: already fixed, and τ2 ⊇ τ1, so they agree already.
• Subtuples containing b′ are exactly the (b̄S , b′) with S ⊆ [k] – one per subset, so 2k .

Example, k = 2. Adding b′ to b̄ = (b1, b2) creates exactly four new tuples – one per subset:

S = ∅
b1

b2
b′

(b′)

S = {1}
b1

b2
b′

(b1,b′)

S = {2}
b1

b2
b′

(b2,b′)

S = {1,2}
b1

b2
b′

(b1,b2,b′)

So one candidate must win 2k ≤ 2w−1 independent draws at once.
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The estimate, in three lines

Recall: b̄ has size k < w and type τ1; the obligation is τ2 ∈ T ∗
k+1; the candidates are the n − k elements outside b̄.

One candidate. b′ works when the 2k tuples (b̄S , b′), S ⊆ [k], all get the type τ2 prescribes:

1 Pr[ b′ works ] ≥ |T ∗|−2k ≥ |T ∗|−2w−1 =: δ > 0

All candidates. The n − k candidates use disjoint draws, hence fail independently:

2 Pr[ all fail ] ≤ (1 − δ) n−k 1−x≤e−x

≤ e−δ(n−k) ≤ e−δ(n−w)

All obligations. At most nw |T ∗| pairs (b̄, τ2); write E for “all of them are met”:

3 Pr[ E ] ≤ nw |T ∗|︸ ︷︷ ︸
polynomial

· e−δ(n−w)︸ ︷︷ ︸
exponential

−→ 0

Both events are now under control. It remains to extract an actual structure.

Each line uses the same three tools as the Ramsey warm-up: independence, 1 − x ≤ e−x , and the union bound.
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From positive probability to an actual finite model

Two events. G = “B is T ∗-guarded” and E = “B has the T ∗-extension property”. We know

Pr[G ] = 1 (it holds in every outcome), and, from the previous slide, Pr[E ] ≤ nw |T ∗| e−δ(n−w).

1. Fix one n. The right-hand side is a fixed function of n tending to 0, so some n0 makes it ≤ 1
2.

Choose that n0 and stay there: we are not passing to a limit, we are picking one probability space.

2. Combine. Pr[G ∩ E ] ≥ 1 − Pr[G ] − Pr[E ] ≥ 1 − 0 − 1
2 = 1

2.
3. Transfer. G ∩ E =⇒ B |= φ, hence Pr[B |= φ] ≥ 1

2 > 0.
4. Read off. The space is finite, so an event of positive probability contains an actual outcome.

Pr[E ] ≤ 1
2 Pr[G ∩ E ] ≥ 1

2

some obligation is missed B |= φ

0 1

all outcomes of the sampler on n0 elements – and the green part is not empty

The 1
2 is cosmetic: any bound below 1 would do. What matters is n0 – it is the model-size bound.

That outcome is a concrete structure on n0 elements satisfying φ. GF has the FMP.
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Take-away messages

1 Erdős’ four-step recipe transfers verbatim. 2 Compress A into the finite catalogue T ∗.

3 Draw one type per tuple; skip every clash. 4 Skipping is free: GF cannot see unguarded tuples.

5 Only the witnesses need luck; n tries provide it. 6 |T ∗| ≤ 22O(|φ| log |φ|), and the bound is optimal.

φ ∈ GF satisfiable =⇒ ∃ finite B |= φ,

|B| ≤ 22O(|φ| log |φ|)
.

Thank you!
It’s my last day at ESSLLI, so I hope that you enjoyed the course!
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