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Goal: SAT(C!) is NP-complete.

1. Add binary-coded counting quantifiers to one-variable logic.
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C! = one-variable logic with counting quantifiers 35"x.0 + 3="x. .
Goal: SAT(C!) is NP-complete.
1. Add binary-coded counting quantifiers to one-variable logic.

2. Guess & check method fails for NP: models can be exponentially large.
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3. Represent models by the multiplicities of 1-types.

4. Translate satisfiability into a system of linear inequalities.
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5. Compress solutions with a sparse-support lemma.
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Feel free to ask questions and interrupt me!

Please don’t be shy! If needed, send me an email (bartek@cs.uni.wroc.pl) or approach me before/after the lecture!

If you would like to do a research project on related topics, let me know!
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Definition (C!)
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Compare dx; . .. Ix1000000 A X; # x;j and 3=1000000, T @
1<i<j<1000000

Dangerous consequence: Guess and verify method no longer works if we aim at NP.

> n
oni=3F2xT
e Size-wise || € O(n) e Every model of (,, contains > 2" elements.
c e e compress some succinct representation
e e e e e e e ) with numbers written in binary
° ° ° ° o ° o o 7-17 R 7TL

an exponentially large domain
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Running examples of Cl-formulae

Let Fr(x), Ge(x), Sp(x) mean that a person speaks French, German or Spanish.

o := BT A I Fr(x) A 3730 Ge(x) A I73x Sp(x)
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Running examples of Cl-formulae

Let Fr(x), Ge(x), Sp(x) mean that a person speaks French, German or Spanish.

= 32155 T A F™0x Fr(x) A 373x Ge(x) A I730x Sp(x)
French German Spanish silent
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Running examples of Cl-formulae

Let Fr(x), Ge(x), Sp(x) mean that a person speaks French, German or Spanish.

= 32155 T A F™0x Fr(x) A 373x Ge(x) A I730x Sp(x)
French German Spanish silent

Is 1) satisfiable?
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Running examples of Cl-formulae

Let Fr(x), Ge(x), Sp(x) mean that a person speaks French, German or Spanish.

=321 T A F™0x Fr(x) A 370x Ge(x) A TF730x Sp(x)
French German Spanish silent

s 1) satisfiable? Yes! (because 50 + 36 + 36 + 3 = 125).
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Running examples of Cl-formulae

Let Fr(x), Ge(x), Sp(x) mean that a person speaks French, German or Spanish.

=321 T A F™0x Fr(x) A 370x Ge(x) A TF730x Sp(x)
French German Spanish silent

s 1) satisfiable? Yes! (because 50 + 36 + 36 + 3 = 125).

How about 91 := 19 A Vx (Fr(x)V Ge(x)V Sp(x))?
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French German Spanish silent
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Running examples of Cl-formulae

Let Fr(x), Ge(x), Sp(x) mean that a person speaks French, German or Spanish.

= 32155 T A F0 Fr(x) A 3730x Ge(x) A F730x Sp(x)

® ® ©® O

French German Spanish silent

s 1) satisfiable? Yes! (because 50 + 36 + 36 + 3 = 125).

How about 1 := 1y A Vx(Fr(x)V Ge(x) V Sp(x))? No!

e Now every element belongs to the union of the three language sets, hence
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Running examples of Cl-formulae

Let Fr(x), Ge(x), Sp(x) mean that a person speaks French, German or Spanish.

=321 T A F™0x Fr(x) A 370x Ge(x) A TF730x Sp(x)
French German Spanish silent

s 1) satisfiable? Yes! (because 50 + 36 + 36 + 3 = 125).

How about 1 := 1y A Vx(Fr(x)V Ge(x) V Sp(x))? No!
e Now every element belongs to the union of the three language sets, hence

o |Al < |F +|Ge¥| + |Sp™| = 50 + 36 + 36 = 122 (for the supposed model 2 of 11).

required by )

forced by coverage
|A| > 125

<—— contradiction —> [ Al <122
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Lemma (Nondeterministic normal form)
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A simplification: Normal form for C!

Lemma (Nondeterministic normal form)

There is an NP procedure that given a C! sentence ¢ outputs a 3 an equisatisfiable 1) of the form:

Y = KEIN"C’XH,-(X),

i=1

where m < ||, ;€ {<, >, =}, and every 0;(x) is quantifier-free and contains only monadic predicates.

Proof

1. For simplicity: assume that ¢ does not have non-unary predicates or constants.
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A simplification: Normal form for C!

Lemma (Nondeterministic normal form)

There is an NP procedure that given a C! sentence ¢ outputs a 3 an equisatisfiable 1) of the form:

Y = KEIN"C’XH,-(X),

i=1
where m < ||, ;€ {<, >, =}, and every 0;(x) is quantifier-free and contains only monadic predicates.
Proof
1. For simplicity: assume that ¢ does not have non-unary predicates or constants.

2. Choose an innermost closed counting subformula

n = I Cx y(x), X(x) quantifier-free.
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A simplification: Normal form for C!

Lemma (Nondeterministic normal form)
There is an NP procedure that given a C! sentence ¢ outputs a 3 an equisatisfiable 1) of the form:
e
Y = A F7x0i(x),
i=1

where m < ||, ;€ {<, >, =}, and every 0;(x) is quantifier-free and contains only monadic predicates.

Proof
1. For simplicity: assume that ¢ does not have non-unary predicates or constants.
2. Choose an innermost closed counting subformula
n = I Cx y(x), X(x) quantifier-free.

3. Guess whether 7 is true or false in the intended model.
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Lemma (Nondeterministic normal form)

There is an NP procedure that given a C! sentence ¢ outputs a 3 an equisatisfiable 1) of the form:
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where m < ||, ;€ {<, >, =}, and every 0;(x) is quantifier-free and contains only monadic predicates.

Proof
1. For simplicity: assume that ¢ does not have non-unary predicates or constants.
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3. Guess whether 7 is true or false in the intended model.

4. Record one top-level counting constraint forcing that guess, then simplify the outcome.
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Lemma (Nondeterministic normal form)

There is an NP procedure that given a C! sentence ¢ outputs a 3 an equisatisfiable 1) of the form:

Y = KEIN"C’XQ,-(X),

i=1

where m < ||, ;€ {<, >, =}, and every 0;(x) is quantifier-free and contains only monadic predicates.

Proof
1. For simplicity: assume that ¢ does not have non-unary predicates or constants.
2. Choose an innermost closed counting subformula
n = I Cx y(x), X(x) quantifier-free.
3. Guess whether 7 is true or false in the intended model.

4. Record one top-level counting constraint forcing that guess, then simplify the outcome.

@ ~> either p[n/T] A nor ¢[n/L] A simplify(—n)
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1-types strike back!

Definition (1-type)
A complete truth assignment to the unary predicates. Over {Fr, Ge, Sp} there are 23 = 8 types.
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1-types strike back!

Definition (1-type)

A complete truth assignment to the unary predicates. Over {Fr, Ge, Sp} there are 23 = 8 types.

o ° 1
Fr
oo ° s
FrGe ¢ FrSp
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° (W) 3
Ge et Sp
o o0 '
¢ GeSp ¢ FrGeSp
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1-types strike back!

Definition (1-type)

A complete truth assignment to the unary predicates. Over {Fr, Ge, Sp} there are 23 = 8 types.

o S T ° ) 3
Fr Ge et Sp
o0 ™ ° e o ° o0 '’
FrGe ¢ FrSp ¢ GeSp ¢ FrGeSp

1-types are complete descriptions: the truth of a quantifier-free 0(x) is determined by a 1-type.
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Enumerate the L = 2¢ types as 7y, ..., ;. For a structure 2 we define

a(A) = (g, ..., qp), aj = [{a e A:tp(a) = 7}
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A model becomes a characteristic vector

Enumerate the L = 2¢ types as 7y, ..., ;. For a structure 2 we define
: .|
a(A) = (a1, ..., ), aj = |[{ae A:tp~(a) = 7}
We call o(2A) the characteristic vector of . .

Up to isomorphism, o(2l) contains everything a C! sentence can see.
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Enumerate the L = 2¢ types as 7y, ..., ;. For a structure 2 we define
_ . ., _
a(A) = (g, ..., qp), aj = [{a € A:tp~(a) =7}
We call a/(2() the characteristic vector of 2. '

Up to isomorphism, o(2l) contains everything a C! sentence can see.

For the language example, one coordinate is attached to each type:
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A model becomes a characteristic vector

Enumerate the L = 2¢ types as 7y, ..., ;. For a structure 2 we define
_ . ., _
a(A) = (g, ..., qp), aj = [{a € A:tp~(a) =7}
We call a/(2() the characteristic vector of 2. '

Up to isomorphism, o(2l) contains everything a C! sentence can see.

For the language example, one coordinate is attached to each type:

= (Xq), XFry XGey XSpy XFrGes XFrSpy XGeSp XFrGeSp)-

{ ] o [ N J o o [ X J
o o o { ]
X XFr XGe XSp XFrGe XFrSp XGeSp XFrGeSp
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.

Lemma (Translation)

FiCix 0;(x) is true exactly when aj1x1+---+axe > G

The coefficients are Boolean; the unknowns are nonnegative integers.
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1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.

Lemma (Translation)
FiCi x 0i(x) is true exactly when a;1x3 + - -+ a1 x; > C.

The coefficients are Boolean; the unknowns are nonnegative integers.

Examples over {Fr, Ge, Sp}:
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.

Lemma (Translation)
FiCi x 0i(x) is true exactly when a;1x3 + - -+ a1 x; > C.

The coefficients are Boolean; the unknowns are nonnegative integers.

Examples over {Fr, Ge, Sp}:

o 37'x T becomes xj + X + Xce + Xsp + XrrGe + Xrrsp + XGesp + Xrrgesp = 125.
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.

Lemma (Translation)
FiCi x 0i(x) is true exactly when a;1x3 + - -+ a1 x; > C.

The coefficients are Boolean; the unknowns are nonnegative integers.

Examples over {Fr, Ge, Sp}:
e 371%x T becomes Xp + Xrr + XGe + Xsp + XFrGe + XFrsp + XGeSp + XFrGesp = 125.

o 37°0x Fr(x) becomes xr + X e + Xrrsp + XrrGesp = 50.
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.

Lemma (Translation)
FiCi x 0i(x) is true exactly when a;1x3 + - -+ a1 x; > C.

The coefficients are Boolean; the unknowns are nonnegative integers.

Examples over {Fr, Ge, Sp}:
e 371%x T becomes Xp + Xrr + XGe + Xsp + XFrGe + XFrsp + XGeSp + XFrGesp = 125.
o 70 Fr(x) becomes xr + XrrGe + Xrrsp + Xrrgesp = 0.

o 57%x Ge(x) becomes xce + XrrGe + XGesp + XFrGesp = 36.
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.

Lemma (Translation)
FiCi x 0i(x) is true exactly when a;1x3 + - -+ a1 x; > C.

The coefficients are Boolean; the unknowns are nonnegative integers.

Examples over {Fr, Ge, Sp}:
e 371%x T becomes Xp + Xrr + XGe + Xsp + XFrGe + XFrsp + XGeSp + XFrGesp = 125.
e 579 Fr(x) becomes xr + XrrGe + Xrr5p + XFrGesp = 50.
o 57%x Ge(x) becomes xce + XrrGe + XGesp + XFrGesp = 36.

(
e 57%x Sp(x) becomes xs, + Xrr5, + Xgesp + XrrGesp = 36.
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From C! to Linear Algebra: Each counting conjunct becomes a linear constraint
1 if Ty ): 9,‘,

For the i-th subformula 0; and a 1-type 7}, define the coefficient a;; :=
0 otherwise.

Lemma (Translation)
FiCi x 0i(x) is true exactly when a;1x3 + - -+ a1 x; > C.

The coefficients are Boolean; the unknowns are nonnegative integers.

Examples over {Fr, Ge, Sp}:
e 371%x T becomes Xp + Xrr + XGe + Xsp + XFrGe + XFrsp + XGeSp + XFrGesp = 125.
e 579 Fr(x) becomes xr + XrrGe + Xrr5p + XFrGesp = 50.
o 57%x Ge(x) becomes xce + XrrGe + XGesp + XFrGesp = 36.
e 57%x Sp(x) becomes xs, + Xrr5, + Xgesp + XrrGesp = 36.
o Vx(Fr(x) V Ge(x) V Sp(x)) = 37 (=Fr(x) A =Ge(x) A —~Sp(x)) becomes x; = 0.
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Equivalence between models and linear inequalities over N
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Equivalence between models and linear inequalities over N

°
model A

N

Bartosz Jan Bednarczyk & lan Pratt-Hartmann

<+— count types ——»

Vs

(X1, ., x1)

solution of &,
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Equivalence between models and linear inequalities over N

( \
° L °
<——— count types ——» (le e 7XL)
()
([
model 2 L solution of &, )
Lemma (Correspondence)
L
For ¢ in normal form, let £, contain the constraints Y a; jx; >; G (1 <i<m), xi € N
j=1
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Equivalence between models and linear inequalities over N

( \
° L °
<——— count types ——» (le e 7XL)
()
([
model 2 L solution of &, )
Lemma (Correspondence)
L
For ¢ in normal form, let £, contain the constraints Y a; jx; >; G (1 <i<m), xi € N
j=1

AE=p <= «a) is a solution to &,.
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Equivalence between models and linear inequalities over N

° ¢ °
<«—— count types ——» (X1, - s xt)

°
model 2A solution of £,

Lemma (Correspondence)
L

For ¢ in normal form, let £, contain the constraints Y a; jx; >; G (1 <i<m), xi € N
j=1

AE=p <= «a) is a solution to &,.

Model = vector
Set x; to the number of elements of type ;.
Since the type classes partition the domain

and every type decides 6;, we have
07| =3 aix;.
J
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Equivalence between models and linear inequalities over N

° o °
<——— count types ——» (X17 e >XL)
°
o
model A solution of £,
Lemma (Correspondence)
L
For ¢ in normal form, let £, contain the constraints Y a; jx; >; G (1 <i<m), xi € N
j=1

AE=p <= «a) is a solution to &,.

Model = vector Vector = model
Set x; to the number of elements of type ;. For each j, create a disjoint set A; of size x;
Since the type classes partition the domain and assign every element of A; the type ;.
and every type decides 6;, we have Then the same identity shows that all

67 = %: P counting constraints hold.
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The decision procedure for C!
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The decision procedure for C!

We have developed the following decision procedure for an input ¢ € C!:
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We have developed the following decision procedure for an input ¢ € C!:

e a
(a) normal form
nondeterministically guess
an accepting output v
N\ J

Bartosz Jan Bednarczyk & lan Pratt-Hartmann

The decision procedure for C!

(b) inequalities

enumerate the 1-types and
write the system &,

(c) feasibility

check whether &,
has a solution over N
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The decision procedure for C!

We have developed the following decision procedure for an input ¢ € C!:

(a) normal form (b) inequalities (c) feasibility
nondeterministically guess enumerate the 1-types and check whether &,
an accepting output v write the system &, has a solution over N
Theorem (Borosh—Treybig 1976)
Integer programming — does a system of linear (in)equalities have a solution over N? — is in NP.
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The decision procedure for C!

We have developed the following decision procedure for an input ¢ € C!:

(a) normal form (b) inequalities (c) feasibility
nondeterministically guess enumerate the 1-types and check whether &,
an accepting output v write the system &, has a solution over N
Theorem (Borosh—Treybig 1976)
Integer programming — does a system of linear (in)equalities have a solution over N? — is in NP.

Is this the end of the story?
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We have developed the following decision procedure for an input ¢ € C!:

Vs

(&

(a) normal form

nondeterministically guess
an accepting output v

~

J

Theorem (Borosh—Treybig 1976)

Integer programming — does a system of linear (in)equalities have a solution over N? — is in NP.

The decision procedure for C!

(b) inequalities

enumerate the 1-types and
write the system &,

(c) feasibility

check whether &,
has a solution over N

The explicit system has L = 2° variables, so |€,| may be exponential in |¢].

Is this the end of the story?

NP in the system size yields only NExpTime in the formula size: we are not at NP yet.
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Can this be fixed?
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too much data
2! coordinates

(x1, %25 -+, X1)

Bartosz Jan Bednarczyk & lan Pratt-Hartmann

Can this be fixed?

keep only
nonzero types

desired certificate
polynomial support

(7le’ XJ'1)7 coog (ij Xjk)
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too much data
2! coordinates

(x1, %25 -+, X1)

Question

Can this be fixed?

keep only
nonzero types

desired certificate
polynomial support

(7711’ XJ'1)7 coog (ij ka)

Can every feasible £, be solved with only polynomially many nonzero variables?
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too much data
2! coordinates

(x1, %0, .-, XL)

.

Question

Can this be fixed?

keep only
nonzero types

desired certificate
polynomial support

(771'1’ XJ'1)> coog (ij ka)

Can every feasible £, be solved with only polynomially many nonzero variables?

Lemma (Sparse-solution lemma)

If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.
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Lemma (Sparse-solution lemma)

If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

The improved nondeterministic algorithm (this time in NP):
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too much data
2! coordinates

(x1, %0, .-, XL)

.

Question

Can this be fixed?

keep only
nonzero types

desired certificate
polynomial support

(771'1’ XJ'1)> coog (ij ka)

Can every feasible £, be solved with only polynomially many nonzero variables?

Lemma (Sparse-solution lemma)

If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

The improved nondeterministic algorithm (this time in NP):

1. Guess polynomially many variables that will have non-zero values assigned.
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Can this be fixed?

too much data desired certificate
2¢ coordinates keep only polynomial support
—

nonzero types
(x1, %2, ..., 1) (le’)gl)7"'7(7rjk’xjk)

. J/

Question @

Can every feasible £, be solved with only polynomially many nonzero variables?

Lemma (Sparse-solution lemma)
If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

The improved nondeterministic algorithm (this time in NP):
1. Guess polynomially many variables that will have non-zero values assigned.

2. Write the system of inequalities restricted to those variables and solve it.
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Magic lemma — proof
Lemma (Sparse-solution lemma)
If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 6, Prague 12.08.2026) 11 / 12



Magic lemma — proof
Lemma (Sparse-solution lemma)
If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

For simplicity: we work on Boolean equations, not inequalities.
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If a system £ of m Boolean equations in L variables has a solution over N,
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For simplicity: we work on Boolean equations, not inequalities.

Write £ as Ax = ¢, A € {0,1}™*L. Take a solution b > 0 with the
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Magic lemma — proof

Lemma (Sparse-solution lemma)

If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

For simplicity: we work on Boolean equations, not inequalities.

Write £ as Ax = ¢, A € {0,1}™*L. Take a solution b > 0 with the

fewest nonzeros, say k; assume by, ..., b, > 0 and kK > 0.
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For simplicity: we work on Boolean equations, not inequalities.

Write £ as Ax = ¢, A € {0, 1}’"”. Take a solution b > 0 with the
fewest nonzeros, say k; assume by, ..., b, > 0 and kK > 0.

For | C {1,..., k} let v = =j¢/(column j). Each entry is in {0, ..., L},
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Lemma (Sparse-solution lemma)
If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

For simplicity: we work on Boolean equations, not inequalities.

Write £ as Ax = ¢, A € {0, 1}’"”. Take a solution b > 0 with the
fewest nonzeros, say k; assume by, ..., b, > 0 and kK > 0.
For | C {1,..., k} let v = =j¢/(column j). Each entry is in {0, ..., L},

so there are at most (L + 1) distinct vectors v;.
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Magic lemma — proof
Lemma (Sparse-solution lemma)
If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

For simplicity: we work on Boolean equations, not inequalities.

Write £ as Ax = ¢, A € {0, 1}’"”. Take a solution b > 0 with the
fewest nonzeros, say k; assume by, ..., b, > 0 and kK > 0.

For | C {1,..., k} let v = =j¢/(column j). Each entry is in {0, ..., L},
so there are at most (L + 1) distinct vectors v;.

If k > mlog(L + 1) then 2% > (L + 1)™: two subsets collide, v; = vy.
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Magic lemma — proof
Lemma (Sparse-solution lemma)
If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

For simplicity: we work on Boolean equations, not inequalities.

Write £ as Ax = ¢, A € {0, 1}’"”. Take a solution b > 0 with the
fewest nonzeros, say k; assume by, ..., b, > 0 and kK > 0.

For | C {1,..., k} let v = =j¢/(column j). Each entry is in {0, ..., L},
so there are at most (L + 1) distinct vectors v;.

If k > mlog(L + 1) then 2X > (L + 1)™: two subsets collide, v; = vy.
Set J=1\1, J =1\ (disjoint, v; = vy, wlog J # (). Adjust
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Magic lemma — proof
Lemma (Sparse-solution lemma)
If a system £ of m Boolean equations in L variables has a solution over N,

then it has one with at most mlog,(L + 1) nonzero entries.

For simplicity: we work on Boolean equations, not inequalities.

Write £ as Ax = ¢, A € {0, 1}’"”. Take a solution b > 0 with the
fewest nonzeros, say k; assume by, ..., b, > 0 and kK > 0.

For | C {1,..., k} let v = =j¢/(column j). Each entry is in {0, ..., L},
so there are at most (L + 1) distinct vectors v;.

If k > mlog(L + 1) then 2X > (L + 1)™: two subsets collide, v; = vy.
Set J=1\1, J =1\ (disjoint, v; = vy, wlog J # (). Adjust

bi=b—-1(€J), b=b+1(et), b =Db;else

J

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 6, Prague 12.08.2026)

11/ 12



Magic lemma — proof
Lemma (Sparse-solution lemma)
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Then b’ > 0 and Ab’ = c; repeating kills a nonzero — contradiction.
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Take-away messages

1. C! is one-variable logic plus binary-coded counting quantifiers.
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large model small certificate
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large model small certificate
sparse type counts —

up to exponentially many elements polynomially many bits

. J/ .

SAT(C!) is NP-complete.
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