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@ Feel free to ask questions and interrupt me!

Please don’t be shy! If needed, send me an email (bartek@cs.uni.wroc.pl) or approach me before/after the lecture!

If you would like to do a research project on related topics, let me know!
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X
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X

X

x) A dx—=P(x) ‘“some are P, some are not”

Cannot express properties of binary relations.
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Definition (1-type of a in ) tp?(a) := {P € o\| A | P(a) }.
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Nom. of 1-types?
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Good to remember: 1-types are complete descriptions of elements.

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 3/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO.

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO. Is there 2 |= ©?

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO. Is there 2 |= ©?

2. Question: How does ¢ view an intended model 27

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO. Is there 2 |= ©?

2. Question: How does ¢ view an intended model 2?7 Only the existence of types matters!

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO. Is there 2 |= ©?

2. Question: How does ¢ view an intended model 2?7 Only the existence of types matters!

000 001 010 011
Yes ° Yes ¢ Yes o No
100 101 110 111
¢ No e Yes *? No o Yes

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO. Is there 2 |= ©?

2. Question: How does ¢ view an intended model 2?7 Only the existence of types matters!

000 001 e 010 e\ 011

Yes ° Yes Yes ° No
1 101 11 111
¢ % No *) ¥ Yes oo 0 No ®’ Yes

3. Question: How to get a small model?

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO. Is there 2 |= ©?

2. Question: How does ¢ view an intended model 2?7 Only the existence of types matters!

000 001 010 011
Yes ° Yes ¢ Yes o No
1 101 11 111
) 0 No % " Yes oo 110N, ®’ Yes

3. Question: How to get a small model? Collapse indistinguishable elements!

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 4/ 13



Warm-up: Solving SAT for Pure MFO (no constants and ~)
1. Take an input formula ¢ in MFO. Is there 2 |= ©?

2. Question: How does ¢ view an intended model 2?7 Only the existence of types matters!

000 001

010 011
Yes ° Yes ¢ Yes o No

1 101 11 111
) 0 No % " Yes oo 110N, ®’ Yes
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3. Question: How to get a small model? Collapse indistinguishable elements!

a ~ b iff tp™(a) = tp*(b)

merge

-
>

one per type
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Lemma
B8] < 2!7l + For all 9 € ¢ and 3 € A we have: 2 |= «[a] iff B |= 1»[h(3)] for the quotient map h.
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1
1
1
1
!
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merge -

-~
S~
S~
-~

one pertype \ % TT=-s

Lemma
B8] < 217l 4+ For all ¢ € ¢ and 3 € A we have: A = 1[3] iff B |= 1[h(3)] for the quotient map h.
Proof (by induction on ).
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Lemma
B8] < 217l 4+ For all ¢ € ¢ and 3 € A we have: A = 1[3] iff B |= 1[h(3)] for the quotient map h.
Proof (by induction on ).
1. v atomic.
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1. ¢) atomic. ~» a € A and h(a) € B have the same type (for all a € 3).

2. 1) boolean combination.
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Warm-up: Solving SAT for Pure MFO. Part |l: The proof.
‘ a ~ b iff tp™(a) = tp*(b) ‘

merge -

one per type

-~
~<o
1 -
-~
~
S~
~

B — 2/ ~
Lemma
B8] < 219 + For all ¢ € ¢ and 3 € A we have: A |=1[a] iff B = 1)[h(3)] for the quotient map h.
Proof (by induction on ).
1. ¢) atomic. ~» a € A and h(a) € B have the same type (for all a € 3).
2. 1) boolean combination. ~~ inductive hypothesis + properties of |=.

3. ¢ =3x0(x,y).
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Proof (by induction on ).
1. ¢) atomic. ~» a € A and h(a) € B have the same type (for all a € 3).
2. 1) boolean combination. ~~ inductive hypothesis + properties of |=.

3. ¢ = 3dx0(x,y). ~ a representative of each equivalence class survives + inductive hypothesis.
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Warm-up: Solving SAT for Pure MFO. Part |l: The proof.
‘ a ~ b iff tp™(a) = tp*(b) ‘

merge -

-

one per type

-~
~<o
1 -
-~
~
S~
~

B — 2/ ~
Lemma
B8] < 27 4 For all 1) € ¢ and 3 € A we have: A |= ¢[3] iff B |= ¢)[h(3)] for the quotient map .

Proof (by induction on ).

1. ¢) atomic. ~» a € A and h(a) € B have the same type (for all a € 3).

2. 1) boolean combination. ~~ inductive hypothesis + properties of |=.

3. ¢ = 3dx0(x,y). ~ a representative of each equivalence class survives + inductive hypothesis.
Theorem

Every satisfiable pure MFO sentence ¢ has a model of size < 2. SAT (pure MFO) is in NEXPTIME.
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Full MFO: why the previous approach breaks?
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Full MFO: why the previous approach breaks?

1. In the presence of constants or &~ one representative per type may not be enough.

one type-class

o + o

¢ d
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Full MFO: why the previous approach breaks?
1. In the presence of constants or &~ one representative per type may not be enough.

e Consider: c %2 d A A P(c) <> P(d) one type-class
Pco ® # °

¢ d
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1. In the presence of constants or &~ one representative per type may not be enough.

e Consider: c %2 d A A P(c) <> P(d) one type-class
. Pco ® # °
eor: Ixdy x %2y A N P(x) < P(y) . y
Pco
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Full MFO: why the previous approach breaks?
1. In the presence of constants or &~ one representative per type may not be enough.
e Consider: ¢ % d A /\ P(c) < P(d) oz el

e or: 3xﬂyxaéy/\/\ P(x) < P(y) ° 7 °

e A formula with /¢ quantlflers and m constants may enforce < (m + () representatives per 1-type.
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e Consider: ¢ % d A /\ P(c) < P(d) oz el

e or: 3xﬂyxaéy/\/\ P(x) < P(y) ° 7 °

e A formula with /¢ quantlflers and m constants may enforce < (m + () representatives per 1-type.

/" m
Ixidx ... 3 AN AN xiEZxiAxi#EGgAgEGA N P(x) << P(x)AP(x) < P(c)
i=1j=1 il j4]! Pco

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 6/ 13



Full MFO: why the previous approach breaks?
1. In the presence of constants or &~ one representative per type may not be enough.
e Consider: ¢ % d A /\ P(c) < P(d) oz el

e or: 3xﬂyxaéy/\/\ P(x) < P(y) ° 7 °

e A formula with ¢ quantlflers and m constants may enforce < (m + () representatives per 1-type.

/" m
Ixidx ... 3 AN AN xiEZxiAxi#EGgAgEGA N P(x) << P(x)AP(x) < P(c)
i=1j=1 il j4]! Pco

Lemma

Satisfiable ¢ with k predicates, m constants, ¢ quantifiers has a model with < (m + /) - 2k elements.
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Full MFO: why the previous approach breaks?
1. In the presence of constants or &~ one representative per type may not be enough.
e Consider: ¢ % d A /\ P(c) < P(d) oz el

e or: 3xﬂyxséy/\/\ P(x) < P(y) ° 7 °

e A formula with ¢ quantlflers and m constants may enforce < (m + () representatives per 1-type.

/" m
Ixidx ... 3 AN AN xiEZxiAxi#EGgAgEGA N P(x) << P(x)AP(x) < P(c)
i=1j=1 il j4]! Pco

Lemma

Satisfiable ¢ with k predicates, m constants, ¢ quantifiers has a model with < (m + /) - 2k elements.

Proof idea: keep up to (m + () representatives per class (or all, if fewer).

<m+/

—A

e o o e o o e o o e o o < 2K classes
type 7o type 7 type ™ type 73
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Why m + / representatives per type suffice?
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Why m + / representatives per type suffice?

Intuition: Think of constants and currently assigned variables as labelled pebbles occupying one 1-type class.

An example 1-type 7

o o o o o
(o] N @) X1 X2 X3
< m named points < / active witnesses
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Intuition: Think of constants and currently assigned variables as labelled pebbles occupying one 1-type class.

An example 1-type 7

® [ o [ ®
a . G X1 X2 28
< m named points < { active witnesses

e Constants are interpreted by points we keep from the start.
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a . G X1 X2 28
< m named points < { active witnesses

e Constants are interpreted by points we keep from the start.

e During an /-quantifier evaluation, at most ¢ variable values must remain distinct.
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Why m + / representatives per type suffice?

Intuition: Think of constants and currently assigned variables as labelled pebbles occupying one 1-type class.

An example 1-type 7

o o ® o o
Gl N @ X1 X2 X3
< m named points < ¢ active witnesses

e Constants are interpreted by points we keep from the start.
e During an /-quantifier evaluation, at most ¢ variable values must remain distinct.

e |f a fresh witness is needed, choose an unused kept point of the same type.

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 7/ 13



Why m + / representatives per type suffice?

Intuition: Think of constants and currently assigned variables as labelled pebbles occupying one 1-type class.

An example 1-type 7

® [ o [ ®
a . G X1 X2 28
< m named points < { active witnesses

e Constants are interpreted by points we keep from the start.
e During an /-quantifier evaluation, at most ¢ variable values must remain distinct.

e |f a fresh witness is needed, choose an unused kept point of the same type.

Conclusion: The formula cannot exhaust a reservoir of size m + /.
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An example 1-type 7

® [ o [ ®
a . G X1 X2 28
< m named points < { active witnesses

e Constants are interpreted by points we keep from the start.
e During an /-quantifier evaluation, at most ¢ variable values must remain distinct.

e |f a fresh witness is needed, choose an unused kept point of the same type.

Conclusion: The formula cannot exhaust a reservoir of size m + /.

This implies:
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Why m + / representatives per type suffice?

Intuition: Think of constants and currently assigned variables as labelled pebbles occupying one 1-type class.

An example 1-type 7

® [ o [ ®
a . G X1 X2 28
< m named points < { active witnesses

e Constants are interpreted by points we keep from the start.
e During an /-quantifier evaluation, at most ¢ variable values must remain distinct.

e |f a fresh witness is needed, choose an unused kept point of the same type.
Conclusion: The formula cannot exhaust a reservoir of size m + /.
This implies:
Theorem
Every satisfiable MFO sentence ¢ has a model of size < |[2/?l. SAT(MFQ) is in NEXPTIME.
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Towards the lower bound: Tilings
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Towards the lower bound: Tilings

A finite set of tile types with coloured edges; a tiling makes touching edges match.

tiles allowed: edges agree forbidden: mismatch
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Towards the lower bound: Tilings

A finite set of tile types with coloured edges; a tiling makes touching edges match.

tiles allowed: edges agree forbidden: mismatch

A correctly tiled rectangle — every pair of touching edges agrees.
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Towards the lower bound: Tilings

A finite set of tile types with coloured edges; a tiling makes touching edges match.
tiles allowed: edges agree forbidden: mismatch
A correctly tiled rectangle — every pair of touching edges agrees.

Definition (NEXPTIME-complete 2" x 2" torus tiling)
Input: Tile types T with relations H, V' and n in unary, and a tile tp € T.
Output: Can the 2" x 2" grid (edges wrap) be tiled, with ty at the origin?
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Towards the lower bound: Tilings

A finite set of tile types with coloured edges; a tiling makes touching edges match.

tiles allowed: edges agree forbidden: mismatch

A correctly tiled rectangle — every pair of touching edges agrees.

2" columns

Definition (NEXPTIME-complete 27 x 2" torus tiling)

Input: Tile types T with relations H, V' and n in unary, and a tile tp € T.

Output: Can the 2" x 2" grid (edges wrap) be tiled, with ty at the origin?

2" rows
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Towards the lower bound: Tilings

A finite set of tile types with coloured edges; a tiling makes touching edges match.

tiles allowed: edges agree forbidden: mismatch

A correctly tiled rectangle — every pair of touching edges agrees.

2" columns

Definition (NEXPTIME-complete 27 x 2" torus tiling)

Input: Tile types T with relations H, V' and n in unary, and a tile tp € T.

Output: Can the 2" x 2" grid (edges wrap) be tiled, with ty at the origin?

2" rows

Goal: poly-size @, over {X;, Y;, T; | t € T,i < n} with @, sat < grid tileable.
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Towards the lower bound: Tilings

A finite set of tile types with coloured edges; a tiling makes touching edges match.

tiles allowed: edges agree forbidden: mismatch

A correctly tiled rectangle — every pair of touching edges agrees.

2" columns

Definition (NEXPTIME-complete 27 x 2" torus tiling)

Input: Tile types T with relations H, V' and n in unary, and a tile tp € T.

Output: Can the 2" x 2" grid (edges wrap) be tiled, with ty at the origin?

2" rows

Goal: poly-size @, over {X;, Y;, T; | t € T,i < n} with @, sat < grid tileable.

tiling = model model = tiling
N

domain = cells; T; from each coordinate realised;

the tiling. All clauses hold. pick a rep, read its tile.
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A reduction checklist: ¢, = grid 4+ tiling
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A reduction checklist: ¢, = grid 4+ tiling
Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling
° —_—
(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.
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A reduction checklist: ¢, = grid 4+ tiling
Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling
° —_—
(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

1. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).
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A reduction checklist: ¢, = grid 4+ tiling
Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling
o e
(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

1. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).

2. Successor — a definable “+1" on coordinates (compare bits).
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Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling

(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

1. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).
2. Successor — a definable “+1" on coordinates (compare bits).

3. Neighbours — right / up neighbour = same row / column + successor.
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tiling = model model = tiling

(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

1. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).
2. Successor — a definable “+1" on coordinates (compare bits).
3. Neighbours — right / up neighbour = same row / column + successor.

4. Origin — a start cell (0,0) carrying tile t.
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A reduction checklist: ¢, = grid 4+ tiling
Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling

(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

1. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).
2. Successor — a definable “+1" on coordinates (compare bits).

3. Neighbours — right / up neighbour = same row / column + successor.

4. Origin — a start cell (0,0) carrying tile t.

5. Totality — every cell has a right and an up neighbour (closure).
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A reduction checklist: ¢, = grid 4+ tiling
Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling

(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

1. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).
2. Successor — a definable “+1" on coordinates (compare bits).

3. Neighbours — right / up neighbour = same row / column + successor.

4. Origin — a start cell (0,0) carrying tile t.

5. Totality — every cell has a right and an up neighbour (closure).

6. One tile — exactly one tile predicate per element.
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A reduction checklist: ¢, = grid 4+ tiling
Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling

(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).
. Successor — a definable “+1" on coordinates (compare bits).

. Neighbours — right / up neighbour = same row / column + successor.

. Origin — a start cell (0, 0) carrying tile t.

. Totality — every cell has a right and an up neighbour (closure).

. One tile — exactly one tile predicate per element.

N OO 0 BB W N =

. Compatibility — matching tiles across every right (H) and up (V) step.
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A reduction checklist: ¢, = grid 4+ tiling
Goal: poly-size p, over {X;, Y;, Ty | t € T,i < n} with ¢, sat < grid tileable.

tiling = model model = tiling

(] °
domain = cells; T; from each coordinate realised;
the tiling. All clauses hold. pick a rep, read its tile.

. Addresses — each element has an x- and y-coordinate in {0,1}" (its bits).
. Successor — a definable “+1" on coordinates (compare bits).

. Neighbours — right / up neighbour = same row / column + successor.

. Origin — a start cell (0, 0) carrying tile t.

. Totality — every cell has a right and an up neighbour (closure).

. One tile — exactly one tile predicate per element.

. Compatibility — matching tiles across every right (H) and up (V) step.

coO N o 0 b W N =

. Consistency — equal coordinates = equal tile.
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How do we encode positions and their successors?
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How do we encode positions and their successors?

e We employ the following monadic predicates to encode a position (x, y) carrying a tile t:

X1, ..., X, Yi,..., Y, Tt(tGT)

column x row y tile
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How do we encode positions and their successors?

e We employ the following monadic predicates to encode a position (x, y) carrying a tile t:

X]_,...,Xn Y]_,...,Yn Tt (tG T)
—_———— —_————
column x row y tile

e ldea: X; and Y, encode the binary representation of the x- and y-coordinate of a cell, respectively.
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How do we encode positions and their successors?

e We employ the following monadic predicates to encode a position (x, y) carrying a tile t:

X]_,...,Xn Y]_,...,Yn Tt (tG T)
—_———— | S —
column x row y tile

e ldea: X; and Y, encode the binary representation of the x- and y-coordinate of a cell, respectively.

e Formally: If 2 |= p, then 2l |= X;|a] iff the /-th bit of an x-coordinate of a cell represented by x is on.
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How do we encode positions and their successors?

e We employ the following monadic predicates to encode a position (x, y) carrying a tile t:

X]_’...,Xn Y]_,...,Yn Tt (tE T)
—_——— | S —
column x row y tile

e ldea: X; and Y, encode the binary representation of the x- and y-coordinate of a cell, respectively.

e Formally: If 2 |= p, then 2l |= X;|a] iff the /-th bit of an x-coordinate of a cell represented by x is on.

Example: Suppose 2 = 3, and let the cell (5,3)—encoded by the element as 3—carry the tile t.
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How do we encode positions and their successors?

e We employ the following monadic predicates to encode a position (x, y) carrying a tile t:

X]_,...,Xn Y]_,...,Yn Tt (tE T)
—_——— | S —
column x row y tile

e ldea: X; and Y, encode the binary representation of the x- and y-coordinate of a cell, respectively.

e Formally: If 2 |= p, then 2l |= X;|a] iff the /-th bit of an x-coordinate of a cell represented by x is on.

Example: Suppose 2 = 3, and let the cell (5,3)—encoded by the element as 3—carry the tile t.

S I
P DR

000 1-type of the element as 3
001

010 X3X2X1(a5,3) =101
o D - . Y3Y2 Y1(3573) =011

100
Tt(35,3)

101
110
111

the tile predicate T;

8 x 8 address space
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How do we encode positions and their successors?

e We employ the following monadic predicates to encode a position (x, y) carrying a tile t:

X]_,...,Xn Y]_,...,Yn Tt (tE T)
—_——— | S —
column x row y tile

e ldea: X; and Y, encode the binary representation of the x- and y-coordinate of a cell, respectively.

e Formally: If 2 |= p, then 2l |= X;|a] iff the /-th bit of an x-coordinate of a cell represented by x is on.

Example: Suppose 2 = 3, and let the cell (5,3)—encoded by the element as 3—carry the tile t.

S I
P DR

000 1-type of the element as 3
001

010 X3X2X1(a573) =101
o D - . Y3Y2 Y1(3573) =011

100
Tt(35,3)

101
110
111

the tile predicate T;

8 x 8 address space

Then a5 3) in 2 satisfies: X3(x) A =X5(x) A Xi(x) A =Y3(x) A Ya(x) A Yi(x) A Te(x) A A = Ty(x)
t'#t

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 10 / 13



Neighbours: Up and Down Macros & “+1"” gadget
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro:

R(x,y) == A(Yi(x) <> Yi(y)) A succx(x, y)

/
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro: Up successor macro:

R(x,y) == A(Yi(x) <> Yi(y)) A succx(x, y) U(x,y) = A(Xi(x) ¢ Xi(y)) A succy(x, y)

i i
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro: Up successor macro:

R(x,y) = /I_\<Yi(x) & Yi(y)) Asuccx(x, y) i = U(x,y) = /I_\<Xi(x) & Xi(y)) Asuccy(x, y)
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro: Up successor macro:

R(x,y) = /I_\<Yi(x) & Yi(y)) Asuccx(x, y) i = U(x,y) = /I_\<Xi(x) & Xi(y)) Asuccy(x, y)

How to define succ?
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R(x,y) = /I_\<Yi(x) & Yi(y)) Asuccx(x, y) i = U(x,y) = /I_\<Xi(x) & Xi(y)) Asuccy(x, y)

How to define succ? Binary addition!
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro: Up successor macro:

R(x,y) = /I_\<Yi(x) & Yi(y)) Asuccx(x, y) i = U(x,y) = /I_\<Xi(x) & Xi(y)) Asuccy(x, y)

How to define succ? Binary addition!

Main idea: From the least-significant bit: flip 1s to 0 (the carry), until the first 0, which becomes 1.

carry through the block of 1s

b SR IO 1 A O | O | A | A

x+1: 01|01 0]0(0

MSB  first 0: stops here — 1  LSB
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro: Up successor macro:

R(x,y) = /I_\<Yi(x) & Yi(y)) Asuccx(x, y) i = U(x,y) = /I_\<Xi(x) & Xi(y)) Asuccy(x, y)

How to define succ? Binary addition!

Main idea: From the least-significant bit: flip 1s to 0 (the carry), until the first 0, which becomes 1.

carry through the block of 1s n
SUCCx(x,y) == WRAPx(x,y) V V STEPJX(x,y)
j=1

b SR IO 1 A O | O | A | A

x+1: 01|01 0]0(0

MSB  first 0: stops here — 1  LSB
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro:

Up SUCCESSOr macro.

R(x,y) == A(Yi(x) <> Yi(y)) A succx(x, y) f U(x,y) = A(Xi(x) ¢ Xi(y)) A succy(x, y)

/

X —¥ i

How to define succ? Binary addition!

Main idea: From the least-significant bit: flip 1s to 0 (the carry), until the first 0, which becomes 1.

carry through the block of 1s

b SR IO 1 A O | O | A | A

x+1: 01|01 0]0(0

MSB  first 0: stops here — 1  LSB

n
SUCCx(x,y) := WRAPx(x,y) V V STEPJ)-((X,)/)

j=1
STEP (x,y) = </<\,- Xi(x) A ﬁx,-(y)) A =Xi(x) A Xi(y) A f/>\j<Xf(X) & X,-(y))
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Neighbours: Up and Down Macros & “+1"” gadget

Right successor macro:

R(x,y) = A(Yi(x) 4 Yily)) A sucox(x, ) % iy |

/

Up SUCCESSOr macro.

U(x,y) = A(Xi(x) ¢ Xi(y)) A succy(x, y)

How to define succ? Binary addition!

Main idea: From the least-significant bit: flip 1s to 0 (the carry), until the first 0, which becomes 1.

carry through the block of 1s

b SR IO 1 A O | O | A | A

x+1: 01|01 0]0(0

MSB  first 0: stops here — 1  LSB

X -
STEP} (x,y) := (

Bartosz Jan Bednarczyk & lan Pratt-Hartmann

n
SUCCx(x,y) := WRAPx(x,y) V V STEPJ)-((X,)/)

Jj=1
I X A =X0)) A=X0) A X (0) A A[Xi() € %)

WRAPx(x,y) == A Xi(x) A\ =Xi(y)
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Filling-in our checklist: ¢, = grid + tiling
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours ‘/
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2. Origin — a start cell (0,0) carrying tile to. ‘/
Elx(/i\ “Xi(x) A A=) A Tto(x)>
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours ‘/
2. Origin — a start cell (0,0) carrying tile to. ‘/

3x</\ﬁX( ) ANYi(x) A T ))
3. Totality — every cell has a right and an up nelghbour (closure).
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours

N

2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure). ‘/
Vx3y R(x,y) A Vx3y U(x, y)
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours
2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure). ‘/
Vx3y R(x,y) A Vx3y U(x, y)

4. One tile — exactly one tile predicate per element.

N
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours
2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure).
Vx3y R(x,y) A Vx3y U(x, y)
4. One tile — exactly one tile predicate per element.

Vx \/ <Tt(x) AN —th/(x)>

teT

SIENEENN
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours
2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure).
Vx3y R(x,y) A Vx3y U(x, y)
4. One tile — exactly one tile predicate per element.

Vx \/ <Tt(x) AN —th/(x)>

teT t'#£t
5. Compatibility — matching tiles across every right (H) and up (V) step.
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours
2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure).
Vx3dy R(x, y) A Vx3y U(x, y)
4. One tile — exactly one tile predicate per element.

Vx \/ <Tt(x) AN —th/(x)>

ENEENENEN

teT t'#£t
5. Compatibility — matching tiles across every right (H) and up (V) step.
VXVyR(x,y) =V (Te(x) A To(y)) VxVyU(x, y) — (Te() A Tu(y))
(t,t")eH (t,t)eV

Bartosz Jan Bednarczyk & lan Pratt-Hartmann ESSLLI Course on Fragments of FO (Lecture 2, Prague 10.08.2026) 12 / 13



Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours
2. Origin — a start cell (0,0) carrying tile to.
IX(AX0) A A=Yi() A To())
3. Totality — every cell has a right and an up nelghbour (closure).
Vx3dy R(x, y) A Vx3y U(x, y)
4. One tile — exactly one tile predicate per element.

Vx \/ <Tt(x) AN —th/(x)>

ENEENENEN

teT t'#£t
5. Compatibility — matching tiles across every right (H) and up (V) step.
VXVyR(x,y) =V (Te(x) A To(y)) VxVyU(x, y) — (Te() A Tu(y))
(t,t")eH (t,t)eV

6. Consistency — equal coordinates = equal tile.
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2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure).
Vx3y R(x,y) A Vx3y U(x, y)
4. One tile — exactly one tile predicate per element.

Vx \/ <Tt(x) AN —th/(x)>

ENEENENEN

teT t'#£t
5. Compatibility — matching tiles across every right (H) and up (V) step.
VXVyR(x,y) =V (Te(x) A To(y)) VxVyU(x, y) — (Te() A Tu(y))
(t,t")eH (t,t)eV

6. Consistency — equal coordinates = equal tile. \Why needed?
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours
2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure).
Vx3y R(x,y) A Vx3y U(x, y)
4. One tile — exactly one tile predicate per element.

Vx \/ <Tt(x) AN —th/(x)>

ENEENENEN

teT t'#t
5. Compatibility — matching tiles across every right (H) and up (V) step.
VxVyR(x,y) =V (Te(x) A Te(y)) WxVyU(x, y) — (T(x) A Tu(y))
(t,t")eH (t,t)eV

6. Consistency — equal coordinates = equal tile. \Why needed?

vxvy(g(x,(x) X)) A £ Yily)) = A (Tulx)

T

iy

S
=
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Filling-in our checklist: ¢, = grid + tiling
1. Addresses + Successor + Neighbours
2. Origin — a start cell (0,0) carrying tile to.
Elx(/\ “Xi(x) A A=) A Tto(x)>
3. Totality — every cell has a right and an up nelghbour (closure).
Vx3dy R(x, y) A Vx3y U(x, y)
4. One tile — exactly one tile predicate per element.

Vx \/ <Tt(x) AN —th/(x)>

NN S

teT t'#t
5. Compatibility — matching tiles across every right (H) and up (V) step.
VxVyR(x,y) =V (Te(x) A Te(y)) WxVyU(x, y) — (T(x) A Tu(y))
(t,t")eH (t,t)eV

6. Consistency — equal coordinates = equal tile. \Why needed?

vxvy(g(x,(x) X)) A £ Yily)) = A (Tulx)

T

g

S
=

Theorem
The satisfiability problem for MFO is NEXPTIME-hard (even its two-variable pure fragment).
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Take-away messages: MFO is NExpTime-complete.
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Take-away messages: MFO is NExpTime-complete.
Theorem
Every satisfiable MFO sentence ¢ has a model of size < |p|2/#l, so SAT(MFO) is in NEXPTIME.
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Take-away messages: MFO is NExpTime-complete.
Theorem
Every satisfiable MFO sentence ¢ has a model of size < |p|2/#l, so SAT(MFO) is in NEXPTIME.

merge

-
>

one/(¢ + m) per type
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Take-away messages: MFO is NExpTime-complete.
Theorem
Every satisfiable MFO sentence ¢ has a model of size < |p|2/#l, so SAT(MFO) is in NEXPTIME.

merge

-
>

one/(¢ + m) per type

Theorem

SAT(MFO) is NExXPTIME-hard, even for its two-variable pure fragment, without &~ and constants.
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Take-away messages: MFO is NExpTime-complete.
Theorem
Every satisfiable MFO sentence ¢ has a model of size < |p|2/#l, so SAT(MFO) is in NEXPTIME.

merge

-
>

one/(¢ + m) per type

Theorem

SAT(MFO) is NExXPTIME-hard, even for its two-variable pure fragment, without &~ and constants.

tiling = model model = tiling
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Take-away messages: MFO is NExpTime-complete.
Theorem
Every satisfiable MFO sentence ¢ has a model of size < |p|2/#l, so SAT(MFO) is in NEXPTIME.

merge

-
>

one/(¢ + m) per type

Theorem

SAT(MFO) is NExXPTIME-hard, even for its two-variable pure fragment, without &~ and constants.

carry through the block of 1s
tiling = model model = tiling ~
X : 0 1 0 0 1 1 1

x+1: 0 1 0 1 0 0 0

MSB first 0: stops here — 1 LSB
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