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Example: Some artist admires only beekeepers
Ix artst(x) AVy (adm(x,y) — bkpr(y))
Coexample: Every artist admires every beekeeper

Vx (artst(x) — Yy (bkpr(y) — adm(x,y)))
Both FO? and GF capture ALCZ but cannot express percentages.

So let’s add them! Why not?
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A8 = Ixpiff [d € A: (8,d) € R¥ and A, 7 |= (d)| = &

Note that global (resp. local) % make sense only over finite (resp. finite-branching) structures.

Our results

o FINSAT for FO? + % is undecidable under any semantics.

FINSAT for GF + % is undecidable under any semantics.
Thus we meet in the middle and focus on GF? := FO? N GF.
e FINSAT for GF? + global % is undecidable.

e FINBranchSAT for GF? + local % is ExpT1iME-complete and CQ querying is 2EXPTIME-complete.

e FINSAT for GF? + local % is in 3ANExPTIME + CQ querying in ANEXPTIME.

Our positive results hold even for Presburger’s arithmetic (FO[+]) constraints on successors.
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1. Undecidability of FO? 4+ % and GF? + global %.
e We can axiomatise universal roles: VxVy R(x, y)

e So we can put dummy guards everywhere and the semantics of % doesn’t matter.

e Reduction from the Hilbert's 10th problem. (Similarly to [Baader&B.&Rudolph, ECAI'20])

2. Undecidability of GF with local %.
e GF® + functional role is undecidable [Gradel&Otto&Rosen'1999].

e We show how to enforce functionality with %.
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e |f there is a model then there is an infinite tree-like one with exponential branching.

e APSPACE procedure: guess the model step by step (a la tableaux) and stop after exp-many steps.

2. Decidability of FINSAT of GF?+ local %.

e Translate into C?, i.e. the FO? with counting (NEXPTIME-compl. [Pratt-Hartmann'2005])
e Rewrite a formula into some simplified form (reduce nesting depth to < 2).

e Express local neighbourhood with Presburger formula over “types”.

e By Ginsburg&Spanier: vectors satisfying Presburger formulae = semi-linear sets.

e Such (semi-)linear constraints can be computed (with huge blow-up) and described in C°.

3. Decidability of CQ query entailment
e Exponential reduction to satisfiability, based on “pumping” from [Baader&B.&Rudolph, DL'2019].
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A glance at the undecidability proof of FO* + global %: Two tricks
1. Call 2 (Half, R, J)-separated iff Half —Half

e The symbol Half labels exactly half of domain elements, and @ .
(]

the elements labelled with R and J are disjoint and in different halves of 2I.

Over (Half, R, J)-separated 2 we can express |[R*| = [J?|.

Half —Half

@ . = poq(Half, R, J) := 3750%% (Half(z) A =R (z)) V J(x)

Over (Half, R, J)-separated 2| we can express that F : R* — J% is functional.

Half | —Half

@ s = Vx(JyF(x,y)) = 3%y (Half(y) Ax # y) V F(x,y))
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An instance of SHTP is a system of equations ¢ of the form:
> u=1,
> u=v-+w,
> u=v-w.

In SHTP we ask if there is a solution of £ over N.
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> u=1, find . € FOgA) such that
> u=v+w, w. is FInSAT iff € is solvable.

> u=v-w.
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In SHTP we ask if there is a solution of £ over N.
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e For a fresh Half we write 37°0%x Half(x), and that A% C Half* as well as A% U A% C A\ Half*
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Definition (Simplified Hilbert's 10th Problem (SHTP))

An instance of SHTP is a system of equations ¢ of the form: For a given ¢ € SHTP
> u=1, find . € FOgA) such that
> u=v+w, w. is FInSAT iff € is solvable.

> u=v-w.

In SHTP we ask if there is a solution of £ over N.

1. We use unary predicates A, for each variable u from €.

e Idea: 2 |= . then u — |A%] is a solution of e.

2. To encode u = 1 we write: IxA,(x) AVxVy (Ay(x) ANAL(y)) > x=y

3. To encode u = v + w we write:

e For a fresh Half we write 37°0%x Half(x), and that A% C Half* as well as A% U A% C A\ Half*
e Employ the trick with equicardinality of A% and A% U A%,

4. How to encode multiplication?
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A glance at the undecidability proof of FO* + global %: Reduction Part Il

1. To encode u - v = w (so [A%|-|A%]| = |A%]) we write:

A 1O ©
/T

o Nlife

Half - Half
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e Introduce a fresh binary symbol Mult.
o Mult® links every element from A% to some elements from A%. (easy)
e Every element from A% has exactly |A%| Mult®-successors (trick with equi-cardinality).

e The inverse of Mult? is functional (trick with functionality).
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1. To encode u - v = w (so [A%|-|A%]| = |A%]) we write:
e Introduce a fresh binary symbol Mult.
o Mult® links every element from A% to some elements from A%. (easy)
e Every element from A% has exactly |A%| Mult®-successors (trick with equi-cardinality).

e The inverse of Mult? is functional (trick with functionality).

Mult
Mﬁlult_ﬂ
AT

o Nlife

Half -~ Half

By expressing every equation we obtain the desired . and conclude undecidability.
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Summary
e FINSAT for FO? + % is undecidable under any semantics.
e FINSAT for GF® + % is undecidable under local semantics.
e FINSAT for GF? + global % is undecidable.
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Any questions?
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